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Abstract

The method of the joint probability distribution
functions of structure factors has been extended to
reflections with rational indices. The most general case,
space group P1, has been considered. The positional
parameters are the primitive random variables of our
probabilistic approach, while the reflection indices are
kept fixed. Quite general joint probability distributions
have been considered from which conditional distribu-
tions have been derived: these proved applicable to the
accurate estimation of the real and imaginary parts of a
structure factor, given prior information on other
structure factors. The method is also discussed in
relation to the Hilbert-transform techniques.

1. Symbols and notation

The following list defines some of the symbols used in
this paper.

N: number of atoms in the unit cell.

fj+ scattering factor of the jth atom (thermal factor
included).

h: three-dimensional index with integral components
(h, k, I).

P, q: three-dimensional indices with rational components
(P1; 2. P3)s (q1, 92, q3), Tespectively.

Ps =P+ D+ P

s =41t 4+ qs-

¢: phase of the structure factor.

2P, 2@ = leil f; calculated for the reflections
with vectorial indices p and q, respectively.

>Lm), Y ,(q) = Z]Ail f? calculated for the reflections
with vectorial indices p and q, respectively.
Yu@. 9 =25 H@)(@.

Papers by Giacovazzo & Siligi (1998), Giacovazzo,
Siligi, Carrozzini et al. (1999) and Giacovazzo, Siliqi,
Altomare et al. (1999) will be referred as papers I, IT and
II1, respectively.
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2. Introduction

In papers I and II of this series, the statistical prop-
erties of the structure factors with rational indices
were investigated. In papers I and II, distributions
P(|F,|) were obtained for the P1 and P1 cases, respec-
tively, which show remarkable deviations from the
distributions derived by Wilson (1942) for the standard
index reflections. Distributions P(¢,) and P(gpp||Fp|)
were also derived, which proved to be, in favourable
cases, quite different from the uniform Wilson phase
distribution.

Papers I and II can be considered as the first step for
the development of direct-methods procedures invol-
ving rational index reflections. To this end, joint prob-
ability distributions of structure factors were derived for
the P1 case in paper III. An important result of that
study is that phase and moduli estimates arise from joint
probability distribution functions involving reflections
whose indices do not necessarily give rise to structure
invariants or seminvariants. This additional degree of
freedom is allowed by the rationality of the indices and
by the basic assumptions on the primitive random
variables.

In this paper, we will derive in P1 the joint probability
distribution functions of structure factors with rational
indices. We will first focus our attention on the distri-
bution P(F,, F,), where p and q can be any pair of
vectors with rational components, the case of integral
components included. We will show that the simplest
formulae are obtained by including in the calculations
the real and imaginary parts of the structure
factors rather than their moduli and phases, ie.
it is easier to calculate P(Ap, B,, Ay, B, .. .) than
P(IF,|, ¢y, |Fyl, @4 - - ). The formulae so obtained will
be applied to the case in which p is a half-integral index
reflection while the q’s are standard indices, or vice
versa. To follow all the mathematical calculations, the
reader may wish to refer to the formulae collected in
Appendix B of paper III.
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Special attention will also be devoted to the
symmetry; indeed, a lack of symmetry occurs when
rational indices are considered.

Recently, the discrete Hilbert transform has been
evoked (Ramachandran, 1969; Mishnev, 1993, 1996;
Zanotti et al., 1996) to link structure amplitudes having
half-integral Miller indices with structure amplitudes of
standard reflections. The relation between such tech-
niques and our probabilistic method is discussed.

3. The joint probability distribution P(A,, By, Ay, B,)

Let us suppose that the reflection indices are fixed while
the variables x;, y; and z; (j =1, ..., N) are indepen-
dently and uniformly distributed in the interval (0, 1).
The structure factors are then variables themselves. In
P1,

"
|

p = [F,| exp(ip,)

N
.2; fiexp(2mip - 1))
i=

=A, +iB,,

N
A, =) ficos(2mp - 1)),

j=1

N
B, = /; fisin(27p - ;).

The characteristic function C(up, Vps U
distribution P(A,, B,, A, B,) is given by

q,vq) of the

C(up, Vp» U vq) = A, + Vv, B, +uA, + quq))
= exp {i[”pKlo(P) + v, Kot (p)
+ ”quo(‘I) + VqK(n(‘I)]
- %[ulzszo(P) + VlzzKoz(P)
+ u?,Kzo(‘I) + V(Z,Koz(‘l)
+ 2u,v, K15 (p) + 2uyu Ki5(p. @)
+ ZuquKM(pv qQ + 2Vpqu23(p1 q)
+ 2VquK24(P» qQ+ Zuqqu34(q)]}v

(expi(u,

where u,, vp, Uq and v4 are carrying variables associated
with A, B, A, and B,, respectively, and

Kip(p) = (Ap> Zl(P)Cp,
Ky (p) = (B,) = 2 (P)Sps
Kiy(q) = (Ay) = 2o (‘I)Cq’
Ky (q) = (By) = Z (‘I)Sqa
Ky(p) = (Ai> - =PI+ Cop — 2Cl2,]/27
Kp(p) = (Bl%) B >2 =2,PIl Cop — 2512)]/21

513

Ky (q) = (A?,) q)2 > L1 + c2q 26(21]/2,
Kyp(q) = (qu) q)2 > (@1 — 23(21]/2,
Ki,(p) =(A,B,) — (A,)(B,)
= 2 5 P)lssp — 2¢,5,1/2,
Ki5(p, @) = (A,4,) — (4,){4,)
=31 @lepiq + g — 26,¢,1/2,
Ki,(p, q) = (A,By) — (A,)(B,)
=2 01(P Dlsp g + Sqp — 26,5,]/2.
Ky(p, @) = (B,Aq) — (B,)(Ag)
= 310 Qlsprq +5p_q — 25,¢4)/2,
Ky(p, q) = (B,B,) — (B,)(B,)
= > ulp. Dlcp_q = Cpiq — 25,54)/2,
Ky, (q) = (A,B,) — (A,)(B,)
= 2 0(@szq — 2¢45,]/2.
In agreement with paper I,
¢, = coS(TP,)c, ;1€ 12Cp. 12
5 = Sin(nps)cm/Zsz/ZCps/Z
¢, = sin(2np;)/2np;)
s, = [1 = cosmp)l/@p), i=1,2,3.

All the cumulants were derived in paper I, except for
Ki3(p, 9), Kia(p, q), Ko3(p, q) and Ko(p, q) (cumulants
involving both p and q reflections). In Appendix A,
K4(p, q) is derived, as a representative of such cumu-
lants. The required joint probability distribution is

P(A,, B,, Ay, By)

~ (zwff » 77 exp (= i{u,[4, — Kyo(p)]
+ VP[BP K01 (p)] + uq[Aq - KlO(q)]
+ Vq[Bq - K01(q)]})
X exp { - %[”lz)Kzo(P) + VIZ,K()Z(P)

+ M?,Kzo(‘I) + VZqKoz(q) + 2u,v, K15 (p)

+ 2u,u K 5(p, @) + 2u,v K, (p. q)

+ 2v,u Ky (p, qQ + 2VquK24(P» q)
+ 2uqqu34(q)]} duy, dv, dug dv,

=Q@n™ 7 - Ofo exp(iTU) exp|—

—00 —00

lUKU]dU,
)]

where
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U= (Ups Vps Ugs Vo),
T= [do(p), doy (). d1p(@), doy (@] = [d,, d,, d5, d,].
dio(p) = [Kyo(p) — Ap]’ do(p) = [Koi(p) — Bp]’ )

Ky (p) Ky, (p) Ki;(p.q) Ku(p.q)
K — Ky, (p) Ky (p) Ky(p. @) Kyulp.q .

Ki3(p.q) Kyu(p.q) Ky(q) Ki4(q)

Kiy(p, @) Kyulp.q9) Ki(q) Kp(q)

K is a variance—covariance matrix, which, by definition,
must have detK > 0. After some -calculations, (1)
reduces to

P(A,, By, Ay, By)
= (27)(det 1) exp[—1TAT], 2)
where
A=K 3)
In a more explicit form, (2) may be written as

P(A,. B,.A,. B,)

4
_ - 12 2
= (2m)“(det A)/“ exp |: - %}; Ayd;

4 4
— z;)‘ljdldj -y
=

J1>=2

Add i|

Jija i

4)

From (4), two useful conditional distributions may be
derived. Firstly,

P(AP|BP’Aq’ B,)
= ()‘11/277)1/2 eXp[_%)\’ll(Ap - (Ap>)2]7 S))

where

(Ap) = Kio(p) + )\ﬁl (1201 (P) + A13d10(q)
+ A4do (q)] (6)

is the conditional expected value of A, and A;;' is the
variance. Secondly,

P(BP|AP, A, B,)
= (A /2m)'* exp[—Yhpy(B, — (B)],  (7)

where

(By) = Ky (p) + )‘521 [ 12d10(P) + Ap3dip(q)
+ Aoydii (q)] ®)

is the conditional expected value of B, and A5, is the
variance.

The distributions (5) and (7) suggest that A, and B,
may be estimated independently: in particular, the
estimate of A, may profit by the prior knowledge of B,
Agq and By, and the estimate of By, by the prior knowl-
edge of Aj, A4 and By,

PROBABILITY DISTRIBUTION FUNCTION OF STRUCTURE FACTORS. IV

4. The joint probability distribution P(|F,, [F|, ¢,, 94)

In general, distributions like P(A,, ..., A,, B,,...,B,)
are an intermediate step towards the calculation of the
distributions P(|Fy|, ..., |F,|, ¢, ..., ¢,). There is a
basic reason for this: the |F|’s are the observables
and therefore prior knowledge of them may be used
for deriving useful conditional distributions for the
phases. In the specific case we are treating here,
|F,| is an observable only when p is an integral compo-
nent vector. Therefore, there are tentative reasons
for preferring P(F,|, ..., |F,, 15, ®,) to
P(A,,...,A,,B,...,B,). In order to examine the
possible role of such distributions, we derive, in this
section, the distribution P(|F,|, |F,l, ¢,, ¢,) and, in §5,
some conditional distributions. We have

P(IF, |, 1Fql, ¢y, ¢4)
~ (27) (det 1)'/*|F,F,|L
x exp { — 3|F, (A, cos” g, + Ay, sin’ g,
+ 24, sin @, cos ¢,)
— 51FP(A33 cO8” @ + Ay sin’ @
+ 2A34 sin @y cOS @)
— |FpFyl (A5 cos ¢, cos ¢, + A4 cOs @, sin g,
+ A3 8in @, cOS @y + Ay Sin @, sin @)
+ |Fp|[)¥11K10(P) cos @, + Ay Ko (p) sin Pp
+ A, Kyo(p) sin @p + Ao Ko (p) cos ©p
+ A3K0(q) cos Yp + 114K 1 (q) cos Pp
+ A3Kyo(q) sin g, + 454K, (q) sin g, ]
+ [Fyl[A35K10(q) cos 9q + 144 K1 (@) sin ¢
+ A3K(p) c0s 9 + A1, Kyo(p) sin ¢,
+ A3 K1 (p) €08 g + Apu Koy (p) sin ¢,
+ A3, K;o(q) sin ¥q + 234Ky (q) cos (Pq] }v ©)

where

L = exp { - %[)LllK%()(p) + A22K§1(P)
+ A3 Kio(q) + 240K (q)
+ 201, K0(P)Ko1 (P) + 2213 K0(P) K 1(q)
+ 2114K10(P)Ko1 (@) + 223K, (P)K0(q)
+ 244K (p)Ko1 (@) + 2)~34K10(Q)K01(‘I)]}-

Equation (9) is a rather entangled distribution, which
becomes much more simple only when both p and q are
standard indices. Then
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Kyo(p) = Ky (p) = Kyo(q) = Ky (q),

> 2(p)/2 0 0 0
K — 0 > 2(p)/2 0 0
0 0 > 2(@)/2 o |
0 0 0 >2(a)/2

(detd) =16/[ X5(@) (@),

and the distribution (9) reduces to the product of two
Wilson distributions:

PUF, |, IF,l, s #) = (@) EF [ X200) Xa@)]
xexp{ —|F, /[ 2.p)]

—F, /[ X@]} (10)

5. The conditional distributions P(¢,||F,|, |F,l, p,) and
P(F,|||Fql, pq)

From (9), several conditional distributions can be
obtained. Here, we derive only two of them, as examples
for the other cases. By application of standard tech-
niques,

P((pp“Fp|v |Fq|7 wq) :g_l exp[—|FP|2Z2 €os 2(§0P - 2)
+ |Fp|Zl C05(¢p - 0]

is obtained, where

2
g = [ expl—|F,[’Z, cos 2(p, — 6,)
0

+ |Fp|Zl COS((pp - 91)] d(plw (11)

Z% = ()le/z)z + [(}Ln - )Lzz)/4]2,
0, = %tanil[”\u/(ku — )l
Zf = a% + a%,

a; =71 Kyo(p) + 212K (p)
+ A15[Ki0(q) — IFq| cos %]
+ A14[Koi(q) — |Fq| sin ‘Pq]»
ay = A Koy (p) + 212K 1(p)
+ Ays[Kio(@) — |Fq| cos (Pq]
+ A4 [Koi(q) — |Fq| sin ‘Pq],

0, = tan"'(a,/a,).

The integral on the right-hand side of (11) may be
calculated by expanding the exponential term in a series
of Bessel functions according to (Abramowitz & Stegun,
1972)
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exp[—|F, *Z, cos 2(g, — 6,)]

= I(IF,PZ) +2 i [1,(—1F, PZy) cos 2n(, — 6,)].
(12)

The application of the relations

2
[ cos(ng) exp(—Z cos ¢) dp =271, (Z),
0

27
[ sin(ng) exp(—Z cos ¢) dp =0
0

gives

g =2a[I)(|1F, > Z)1,(1Fy| Z,) + 2 cos 2n(6; — 6,)

n=1
X L(=|Fy " Z,)L, (<1 F, | Z))]-
If p and q are integral indices, then
o =ay=2,=2,=»x, =0,
Ay =2y = 2/ Zz(h)v

0, and 6, are unpredictable, and g = 2%. Therefore, in
accordance with Wilson statistics,

P(gy| IR IR ) = @)~

The conditional distribution P(|F),| | |Fyl, ¢g) is defined
as

(13)

P(IF,l. IF,l, )
I3 P(F, |, [F,l, ) dIF,|
= L7'|F,| exp[—|F,|*(Ay; + Ay)/4]

P(IF||IF,l. ¢p) =

2
x [ exp[—|FP|2Z2 cos 2(¢, — 6,)
0

+ |Fp|Zl COS((pp - 91)] d(pp!

where L is a normalization constant that does not
depend on |F,|. According to (12), we have

P(IF||IF,|. ¢4) ~ L7 |Fy| exp[—|F, [ (Ayy + A5,)/4]
x [1LF, PZI(1F,1Z)

+23 cos2n(6, — 0,)1,(~|F,I’Z,)

n=1

x L(~IF,|2)] (14)
The value of the normalizing function L' can be
obtained by direct integration via formula 6.633 of
Gradshteyn & Ryzhik (1965), but it is more practical to
derive it by numerical methods.

The conditional distributions derived in this section
(i.e. in terms of moduli and phases) are more entangled
than those derived in §3 (i.e. in terms of real and
imaginary parts of structure factors). If more q reflec-
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tions are involved in the calculations, the level of
complexity can rapidly increase if moduli and phases are
employed. Therefore, we decided to study distributions
of a general form in terms of A; and B, rather than of |F}|
and ¢;.

6. The distribution P(A,, B, A, .B, ..., A, .B,)

The distributions (5) and (7) answer questions like ‘how
may A, and B, can be estimated if Ay and By are
known?’. If more pairs (Aq, By) are a priori known, this
question becomes ‘how may A, and B, can be estimated
when (Aq/, qu), j=1,...,n, are a priori known?’. The
problem may be solved if the conditional distributions

P(APHqu7 quvj = 1, ey n})
and
P(Bp‘{qus Bq/.yj = 1, ooy n})

are derived. This is the aim of this section. In order to
make simpler the reading of the conclusive formulae, the
notation is simplified as follows.

(a) The joint probability distribution

P(Ay, By, Ay,s By, Ay, By,)
is denoted by
PXy, Xy, Xopyrs Xoga)s (15)

where the variable X; may represent A, B, Ay By
according to the value of j. In particular,

X, =A, X,=B,

will always denote the variables we want to estimate.
Then,

X; = AqI’X4 =By, Xy = Aq,,7X2n+2 =B

q,°
In accordance with the above notation, odd and even

values of j correspond to A and B variables, respectively.
(b) The characteristic function of (15), say

Cluy, uy, . ..

s Ui 1s Unpyn)s

is expressed in terms of the carrying variable u;: each u;
is associated with the corresponding X; in (15).

(¢) The first-order cumulants of the distribution (15)
is denoted by K;: they represent K, or Ky cumulants
according to the value of j (e.g. K; will represent a K
cumulant if j is odd, a Ky; cumulant if j is even).

(d) The second-order cumulants of the distribution
(15) are denoted by the general symbol K;; (remember
that K is a symmetric matrix):

Ky = (X, X;) —
In particular, K; = (X7) — (X;)* denotes cumulants of

type Ky or K, according to whether X, represents an A
or B variable.

(X0 (X))

]

PROBABILITY DISTRIBUTION FUNCTION OF STRUCTURE FACTORS. IV

The use of the above notation gives

Cluy, ty, ooy Uiy, Upyyr)
2042 2 242
=exp|i 2; Ku; — 5 Z e 22: Kyjuu;
iz

2n+-2

2n42
- 23 K2ju2 Z Kh/zuhu]z
j=

J1>j2=3

In the above expression, we have regrouped the cumu-
lants in which A, and B, are involved. Then,

P(X) = (27r) @+ 7 Ofo exp(iTU)

—00 —00

x exp[—UKU] dU,

where
X:( 17X2""’X2n+2)’
U = (uy, uy, ""u2n+2)’
( KRN d2n+2)a
d; = K; — X;,
Ky K, K onia
Ky Ky K onia
K= . )
Kopion Konion Koni2.2n42

K is the (symmetric by definition) variance—covariance
matrix: by definition, (detK) > 0. By application of
standard techniques, we obtain

P(X) = (2m) "*V(det 1) exp(—iTAT),  (16)

where

A=K 17)

is again a symmetric matrix.

The distribution (16) may be rewritten in a more
useful form which emphasizes the terms involving Ay;
and A,; elements:

P(X) = (271)" "D (det 2) exp( Z »yd

2n+2

- Z A'ljdldj
j=2

2n+2

2n+2
Z )\2]d2 Z )\‘]llzdfl d/z)

h1>h=3

(18)

Several types of conditional distributions may be
derived from (18). We have
PX\1X,, ..., X500)

= (b1 /20" expl =y, (X, = ML, (19)

where
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2n+2
M, =K, + 1} ZA,/ i (GPR1)
is the conditional expected value of X, and
V=7 (GPR2)
is the relative variance. Also,
(X12|X2» o X)) = Mf + V.
It may be noted that (X7|X,, ..., X,,,) = M if V, = 0.
By analogy,
P(X, X, ... Xoi0)
= (122/277)1/2 eXP[_%)Lzz(Xz - Mz)z]’ (20)
where
2n+2
M, =K, + 15 Z Ayd,; (GPR3)
/#2
is the expected value of X, and
V, = Ay (GPR4)
is the relative variance. Again,
(X§|X1, Xz, Xoupn) = M% + V.

The distribution (19) aims at estimating X; assuming
that X, is known (i.e. A, is estimated assuming that B, is
known). Similarly, (20) provides the estimate of X, (say
B,) when X (i.e. A,) is known. Such information is not
always available. Therefore, it may be useful to derive
also the distribution

P(X\ X5, Xy ooy X))
_ ffooo PX, X5, X5, - X)) AX
5 P(Xy, Xy, Xy, oo X)X
= QrV) " expl=3X, = M)’/ Val. @D
where
My =K+ (Ajhy — )&2) Z (Apphy; — Ayyhyy)d;
=3
(GPR5)
is the expected value of X; and
Ve = Apn/(hidy — )\%2) (GPR6)
is the variance. Again,
(X12|X2» s Xgnga) = ML2~1 + V.
By analogy,
PX5| X5, Xy, Xoyo)
= (27tVC2)_1/2 exp[_%(X2 - MCZ)Z/VCZ]’
(22)

where
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) 712n+2
My, =Ky, + (Ahyy — A1) X; ()‘11)‘2,‘ - )‘21)“1]')”1]'
=

(GPR7)

is the expected value of X5, and
Vo= )Lu/()‘u)“zz - k%z) (GPRS)

is the variance. Also,
(X31X5, ..oy Xopin) = MA + V.

It should be explicitly noted that the prior knowledge of
Foo = Z] 1 Z; is automatically included in the distri-
bution (18) [thls information is intrinsically contained in
the structure-factor expression]. Therefore, the vector
q =(0,0,0) cannot be introduced into the set of q
vectors.

The relations (GPR1) to (GPR8) are the probabilistic
relationships we wished to obtain and constitute the
most general result of this paper.

7. The canonical case: the basic relations

The joint probability distribution (16) and the basic
relationships (GPR1) to (GPRS8) are valid under quite
general conditions. Indeed, (@) the indices of the
reflections can be arbitrarily chosen in the set of the
rational indices. In particular, they are not restricted to
integral or half-integral values. (b) The value of n can be
arbitrarily fixed in the interval (1, 00).

Even if the conclusive formulae are formally simple,
their practical use is critical when 7 is large: in this case,
high-order K and 4 matrices are involved in the calcu-
lations. Since the cumulant K;; with i # j are often non-
negligible, the matrices K are not diagonal, and their
inversion can be critical and time consuming for large »
values. A remarkable simplification of the process may
be obtained in the canonical case (see paper III), e.g.
when F, is a half-integral index reflection and the Fy’s,
j=1,...,n, are standard reflections (this is the first
option), or vice versa, when F, is a standard reflection
and the Fy’s, j=1,...,n, are half-integral index
reflections (thls is the second option).

Let us consider the first option when n = 1 [i.e. for the
case P(Ap, B,, Ay, Bq)]: for the sake of clearness, we will
adopt for the cumulants the notation of the §3. Then,

Cy =

P 1 =5%=0,
Ko(p) = Kip(q) = Ky (@) =0,
2o0)/2, Kpp) = ,®)01 - 25)/2,
Ky (q) = Kpp(q) = Zz(‘l)/zv (23)
Kp5(p) = Kyuy(q) = Ki5(p. @) = Ky (p. 9) =0,
K (p, @) = > 1 (ps q)(sp+q + Sq—p)/29
Ky(p, q) = D11 (ps q)(sp+q + Sp—q)/z'

Accordingly,

C

Kyo(p) =



518

Ky (p) 0 0 Ki4(p, q)
k—| © Kp(p)  Kx(p. q) 0
0 Ky(p.a)  Ky(q) 0
K,(p, q) 0 0 Ky(q)
(24)

reduces to a matrix with non-vanishing elements only on
the two main diagonals. If we now consider the matrix K
for n > 1: all the cumulants relative to the pairs (q;, q;)
vanish and K assumes, in the notation adopted in §6, the
form

K, 0 0 Ky 0 Ky 0 Ky ... K 242

0 K, Ky 0 Ky 0 K, 0 0

0 Ky Ky O 0 0 0 0 0

K, 0 0 K, 0 0 0 0 0

0 Ky 0 0 Ky 0 0 0 0

K=| K, 0 0 0 0 Kg 0 0 0

0 K, 0 0 0 0 K, 0 0

Kg 0 0 0 0 0 0 Kg 0
Kizyr 0 0 0 0 0 0 0 + Koo

(25)

Let us now consider the second option in the case n = 1
[i.e. for the case P(A,, B,, Ay, By)]- Then,

=S,
Ky(p) = Ky (p) = Kyp(@) =0,
Ky (p) = Kpp(p) = Zz(l’)/za
Ky (q) = Zz(‘I)/Z» Kp(q) = > ,(q)(1 — 25%1)/2’ (26)
Kip(p) = K3y(q) = Ki5(p, q) = Kpu(p. @) =0,
K. @) =2 i (p, ‘])(Sp+q + Sq—p)/z’
Ky(p. @) = >_1(p, q)(sp+q + Sp—q)/z'

Again, K reduces to the form (24). However, if n > 1, all
the cumulants relative to the pairs (q;, q;) vanish except

K,,(q;, ‘Ij) =—> (g, qj')sq,sq,-

EchO,

Thus, for this second option, K assumes the form

K 0 0 Ky 0 K 0 Ky e K
0 Ky Ky 0 Kos Ky 0
0 Ky Ky O 0 0 0 0 0
Ky, 0 0 Ky 0 Ky 0 Ky Kionia
Ky 0 0 Kss 0
K=| Kk, 0 0 Ky 0 Ko 0 Keg Ko onta
Ky, 0 0 0 Ky
K 0 0 Ky 0 Kes 0 Kgg Ksonta
Kz 00 0 Kips 00 Kepupp 00 Kgppn oo Koppoonn

However, the maximum value of [K(q; q;)| is

> (g, qj)[(Sin ”/2)/(”/2)]6 =0.066 Y ;,(q; qj)v

attained when q, = (1/2,1/2,1/2), q =
(£1/2,+£1/2,£1/2). As soon as some of the six
components increase, K,4(q; q;) rapidly decreases.
Accordingly, as a first approximation, K»4(q;, q;) contri-
butions can be neglected; then K reduces again to (25).
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The determinant of the matrix (25), calculated via the
Laplace technique, is given by

2n+2 n+1 ) 2n+2
det(K) = [[ K; — > | Kio [ K
j=1 = =2
Jj#2r
n+1 ) 2n+2
- Z; K2,2r—1 1—! ij

j=
j#2r—1
j#2

n+1 ) n+1 ) 2n+2
+;K1,2r Z K2,2s71 1_[ ij .

s=2 j=3
e
j#2s—1
As an example, for n = 2,
det(K) =K1Ky, . .. Kgs — Kf4K22K33K55K66

- K126K22K33K44K55 - K§3K11K44K55K66
- K§5K11K33K44K66 + K%4K§3K55K66
+ Kf4K§5K33K66 + K%6K§3K44K55
+ K125K§5K33K44~

Let us now calculate Ly, the cofactor of K;; in (25):

r=2

2n+2 n+1 ) 2n+2
Ly = .IIK/'/' - Z K2,2r71 11 ij
Jj= J=

j#2r—1
1 2n+2 n+1 ) 2n+2
=K11 HK;‘;‘_ Z KZ,ZV*l 1_[ Kj/’ .
j=1 r=2 j=1
J#2
J#2r—1

For example, for n = 2,

Lll = K;ll (K11K22 s K66 - K§3K11K44K55K66
- K§5K11K33K44K66)'

Now,

A = det(K)/L,,

nt1 X 2n42
=K, — X;Kmr Hl K;‘;‘
r= j=

j#2r
n+1 , 2042
- Z K2‘2v71 1_[ ij
s=2 j=1
J#2r
j#£25—1
#2
-1
2n+2 n+l ) 2n+2
X |: I1 K;— > (Kz,zrl [l ij>:|
j=1 r=2 j=1
j#2
j#2r—1
n+1 )
=K — Z(Kl,Zr/KZr,Zr)'
r=2
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Let us now derive a simple expression for the elements
A1~ We observe (a) that the cofactors of K, say L,,, are
vanishing for odd values of r, and (b) that for even
values of r

n+l 5 2n+2 2n+2
L, =K, Z K2,23—1 1_[ ij 1_[

s=2 =
/'#;-1 17“
JFr
K1 n+1 2n4-2 2n+2
= —r K — K. |.
Rk, | S\ G 1 ) = TTK,
Jj#2s—1
J#2

For example, for n = 2,
Ly, =K, (K3 KK + K35 K33 K g
— Ky K33 KssKg),
L= Klé(K§3K44K55 + K§5K33K44
— Ky K33 Ky Kss).

As a consequence, (a) for odd values of r (provided

r#1),

Ay, =0,
and (b), for even values of r,
A’lr/)"ll = Llr/Lll = _Klr/Krr' (27a)
It may also be shown that
1 2n+2 n+1 ) 2n+2
Ly =Ky 1_[ K;‘/ - Z K1,2r 1_[ ij >
j=1 r=2 =2
J#2r
: n+1 )
Ay =Ky — ;(KZ,erl/Kerl,erl)v
n+1 ) 2n+2 2n+2
L, =K, Z K7 5 1_[ ij - 1—1 ij
=2 j=3 j=1
#2s #2
J#r J#T
K n+1 ) 2n+2 2n+2
—_ K s
K22K Z 1,25 JU 1_[ Ji
J#2s
)“Zr/)“ZZ = _KZr/Krr’ (27b)

with A,, = 0 for even values of r (provided r # 2).

8. The canonical case: the conclusive formulae

The relationships obtained in §7 allow, for the canonical
case, a strong simplification of the formulae for the
estimation of A, and B,; indeed, the inversion of the
matrix K is no longer necessary. In particular, the
general relationships (GPR1) and (GPR2) may be
replaced by
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2n+2

My =Ky = 3 (K, /K))d
and

Vi=K; — Z(Kl 2,/K2] 2i)»

respectively. Since A;; = 0 for odd values of j, we have

n+1
M, =K, — ;(Kl,Zj/KZj,Zj)de
=

and, since K, =0,

n+1

M, =K, — Z;(Kl 2;/K2, 2/)d2j'
j=

In a more explicit form,

Kio(p) + Z [K14(p, 9)/Kp(q)]
q

X [Bq — Ky (q)]

(Ap1B,. {Ag. Byl) =

(CPR1)
and

Vi, = Ki(p) — XKL, 0)/Kp(@)].  (CPR2)
q

By analogy, the relations (GPR3) and (GPR4) may be
replaced by

n+1
M, =K, — ;(KZ,Zj—l/KZj—l.Zj—l)de—l
=
and
n+1

Z(KZZ/ 1/K2/ 1,2j— 1)

=1

vV, =

respectively. In a more explicit form,

(B,lA,. {Ay. By}) = K (p) + Z [Kx(p. 9)/K2(q)]
x[A, — Km(q)] (CPR3)
and
Vi, = Kpp(p) — Zq: [K35(p. @)/Kx(@)].  (CPR4)

It may be observed that the additional prior knowledge
of anyone of Ay and B, always reduces Vp or V,,
respectively. Accordingly, the estimates are expected to
be accurate if a sufficiently large number of q terms are a
priori known.

Let us now describe how in the canonical case the
relationships (GPR5) to (GPRS8) may be simplified.
Since A, =0 and 2,; = 0 for odd values of j,
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2n+2

M, =K, + 23: ()"lj/)"ll)dj
Jj=
2n+2

=K, - 2; (Klj/ij)dj
=

n+1
=K, - _X;(K],Zj/KZj.Zj)de
=

and
n+1 )
Va=Ky — X;(Klgj/KZj,Zj)-
j=

After comparison of the above relations with those
obtained for M, and V1, the following statement may be
made: the relations (CPR1) to (CPR4) estimate A, and
B, no matter if B, and A, respectively, are a priori
known.

9. Rational indices and space-group symmetry

The probabilistic results obtained in the preceding
sections of this paper hold provided that (a) the space
group is P1 and (b) all the atomic coordinates satisfy the
condition

0<x<1 0<y<1 0<z<1,

j=1,...,N. (28)

What should we expect if different assumptions are
made? We will first analyse the effects of the translation
operation over reflections with rational indices and then
we will examine the most relevant symmetry aspects. Let
P1 be the space group; then,

N
F, = 21: [ exp(2mip - v;)
=
is the structure factor when (28) is satisfied. Suppose we
want to replace the condition (28) by the condition

—12<x<1/2, —1/2<y,<1/2,

~1/2 <z, <1/2, j=1,...,N. (29)

This may be accomplished in two ways. Firstly, by
applying the same fixed shift 7 = (—1/2, —1/2, —1/2) to
all positional vectors. Then, as already observed in paper
I (see I, §13), the new structure factor will be

F, = exp(2mip - ©)F, and |F,| = |F,|.
If we consider two crystal structures with the same
structure-factor moduli to be identical, it may be
concluded that two structures in P1, related by a fixed
shift vector, are identical even if ‘observed’ through
reflections with rational indices.

Secondly, by applying a proper lattice shift z; to the jth
atom when its coordinates do not satisfy (29) {e.g. if the
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jth atom has coordinates (x;, y;, z;) = (0.8, 0.3, 0.7), the
shift 7; will be [1, 0, 1]}. Then,

N
F,= ; fiexp[2mip - (x; +7)] and |F,| # |F,|.

(30)

The following result arises: two P1 structures, one
obtained from the other by shifting some atoms by
proper lattice vectors, are different when ‘observed’
through rational indices reflections.

Let us now consider a crystal structure with space-
group symmetry higher than P1. Let the atoms in the
asymmetric unit have coordinates satisfying (28), while
the equivalent positions are obtained by application of
the symmetry operators [these values, therefore, can
violate condition (28)]. Do the reflections with rational
indices satisfy the space-group symmetry? Since

m t

> f;exp(2mipC,r)),

s=1 j=1

F,= (31)

the relation

(32)

Fr, =F, exp(—27mihT,)

does not hold for reflections with rational indices unless
the space group is symmorphic. Indeed,

m t
Fyr, exp(2mipT,) = > fiexp[2rip(R Rr;

s=1j=1
+R,T, +T,)].

If R, = R R, it is easily seen that T, = R, T, + T is
different from T, by a vector 7(q,s). For example, in
P2, 1=R,R, and R,T, + T, = [010]. Therefore, (32)
becomes

(33)

m t
Fyr, exp(2mipT,) = ; ; fiexp{2mip[R,r;

j=1
+ T, +7(q. o)l

which, according to (30), is not equivalent to F, (ie.
|Fqu| ?é |Fp|)

Let us now consider the case in which the atomic
coordinates in the asymmetric unit satisfy (28), while
proper shifts are applied to the equivalent atomic posi-
tions (as obtained by application of symmetry opera-
tors) to relocate these in the unit cell [so as to satisfy
(28)]. Then, according to the first result described in this
section, an additional loss of symmetry can occur even in
symmorphic space groups. For example, half-integral
index reflections satisfy the space-group symmetry for
P2 and P422 but not for P2, P4, and P3. Similarly, the
rules for the symmetry phase restriction which hold for
the standard reflections can be violated for rational
index reflections. For example, the phases of the
reflections (py, 0, p3), with half-integral values of p; and
p3, are restricted to (0, ), but reflections (py, 0, p3),
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(0, p2, p3), (P1, P2, 0), With py, p,, p5 half-integers, are not
restricted in P2,2,2, to (0, ) or to /2. It is then clear
that the space groups P1 and P1 play a special role when
reflections with rational indices are used; indeed, most
of the calculations have to be made with reference to
these groups.

10. The Hilbert-transform method

Let F(z*) be a complex function that approaches zero as
z" approaches infinity. Let x* be the real part of z*; then
the real part [say A(x")] and the imaginary part [say
B(x")] of F(z¥) can be related by (Toll, 1956; London,

1973)
o [ B&Y
A(x)_an/mdx (34)
and
B(x*) = —7'P _ACD g (35)
(x/* _ X*)

P denotes the Cauchy principal value, i.e.

C(x*) C(x*)

P/b(x*—xo) v _hm(/xo_g AM)(x*—x*)d"

where a and b are the lower and upper bounds,
respectively. The contributions of (34) and (35) give

F(x*) = —in 'P / G

—00 (X/* - X*)

Relationships (34) and (35) are known in mathematics
as a Hilbert transform (HT), but are widely used in
optics as Kramers—Kronig relations. In order to famil-
iarize the reader with the Hilbert transform, we directly
derive (34) and (35) in Appendix B, on the assumption
that F(x*) = A(x*) +iB(x*) represents the general
structure-factor expression.

Ramachandran (1969) first conjectured about the
possible use of the HT to solve the phase problem in
crystallography. He made the following assumptions
(treated here in one dimension, for the sake of
simplicity): (a) z* = x* defines a generic point in the
reciprocal space; (b) F(x") represents the structure
factor. It follows from (34) and (35) that if B(x*) [or
A(x™)] is known for the whole range (—o0, 00), then
A(x") [or B(x™)] may be calculated. The main obstacle to
single-crystal experiments is that F(x*) vanishes for all
values of x*, except for the lattice points; as a conse-
quence, the integral on the right-hand side of each of
(34) and (35) cannot be calculated in practice. To
overcome this difficulty, Ramachandran proposed a set
of equations, which, however, involved unknown

*

dx'*. (36)
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derivatives. Thus, the equations proved of little use in
practice.

The problem was partially overcome by Mishnev
(1993), who applied the Shannon sampling theorem
(Shannon, 1949) to reconstruct F(x*) from the values
sampled at the reciprocal-lattice points. It may be of use
to the reader to recall such a basic theorem:

‘Let f(r) be a band-limited function with Fourier
transform p(x):

px)=0 for |x|]>a

() = @) f p(x) exp(ixt) dx.

Then, f(¢) can be determined from its values f(nT) at a
sequence of equidistant points ¢ =nT, provided
T < m/a, via the relation

- sind'(t — nT)
O = 10— =y

where o' = /T’

The integration of the sampling theorem into the
Hilbert-transform relationships (34) and (35) led
Mishnev to propose equations relating structure ampli-
tudes with half-integral indices to structure amplitudes
with integral indices and vice versa. In the notation
adopted by Zanotti et al. (1996), such equations are
written as

A(h/2) = (8/7) 323 3 B(k/2) H 1/(h; —

e (37a)
Bh/2) = — (/) X X X A/ [11/00 -
nee (37b)
Al/2) = (8/7) X X X By [T1/(k —
e (37¢)
Bk/2) = — (/) X X X At/ [11/(6 — b
o : (37d)

In the above relationships (37), h indicates an index with
even integer components, and k one with odd integer
components. It may be worthwhile noting that, in the
summations at the right-hand sides of equations (37),
the vector q = 0 has to be included.

The reader may notice that the right-hand members
of the equations of Zanotti et al. (1996) have opposite
sign with respect to those reported here. This is probably
a typographic error in the Zanotti et al. paper.
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11. The Hilbert-transform method and the probabilistic
approach in the canonical case

It may be useful to compare equations (37) with the
relationships (CPR1) to (CPR4). We observe the
following.

(a) Equations (37) are strictly valid only if the q
reflections are regularly sampled and only if all of them
are used in the summations at the right-hand side. On
the contrary, (CPR1) to (CPR4) hold for any arbitrary,
finite or infinite, set of reflections, no matter if they are
regularly sampled or not. The limiting case in which the
set of q reflections is constituted by only one reflection
has been explicitly considered in §§3 and 4.

(b) When equations (37) are used as a truncated
sampling expansion, the truncation error can be
bounded (see Papoulis, 1968), but no reliability estimate
is possible. On the contrary, our probabilistic approach
always provides the variance to associate with each
estimate.

(¢) If the number of q reflections is sufficiently large,
then the expected conditional A, and B, values
provided by (CPR1) and (CPR3) should be related to
the estimates provided by (37).

Let us prove statement (c) for the first option.
Introducing (23) into (CPR1) and (CPR3) gives

(Apl..) =2 {[Zn(l’» D/ 25 @)](s5pq + squ)}Bq
(38)

and

(Bp| ) =Ky + {[Zn(l’, q)/ Zz(Q)]

X (Sprq + Sp-0) [ Ay (39)
When Fg is a priori known, F_g is known too, and
P(F,|Fy,...) = P(F,|F, F_y,...). Accordingly, the
summations at the right-hand sides of (38) and (39) [and,
obviously, of the most general relationships (GPR1) to
(GPRS8)] will not contain Friedel mates. If we prefer to
include Friedel mates explicitly in the summations, we
can replace (38) and (39) by

Ayl = [ L0 0/ @l B, @0)

and

Byl = Ku®) + ][ X0 0/ To@spy } 4,
(41)

where the prime to the summation symbol warns the
reader that Friedel pairs may be included. It is now more
clear that, in (38) and (39), s,_, = —s,_ is the term
arising from the prior knowledge of the q reflection,
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while s_,_, = —s,., is the term arising from the simul-
taneous knowledge of the (—q) reflection.

The numerical aspects of the relations (40) and (41)
will now be examined.

(i) According to the  definition, s, =
SIN(7TP,)C,, /2y, /2Cpyp- Since p is a vector with half-
integer components,

sin(mrp,) = (=) /2

and

G = (p) (=)

Then,

sp=—7(p1paps)
Sp—q = — 77_3[(171 —q)P2 — 4.)(ps — CI3)]_1~

(ii) At the end of §6, it was explicitly noted that the
contribution to the estimate of F}, arising from the prior
knowledge of Fyy is automatically included in the
relationships (GRP1) to (GRPS8). Therefore, (40) and
(41) also must not include the vector q = (0, 0, 0) in the
q set. On the contrary, h = (0, 0, 0) has to be explicitly
included in the right-hand side of the equations (37¢)
and (37d). In order to make (37¢), (37d), (40) and (41)
homogeneous, we observe that the contribution to
(Apl...) arising from the prior knowledge of Fygo is
vanishing, while that to be associated with (A4,]...) is
Ko (p). An approximate value of Ky (p) may be
obtained by allowing q to assume the 0 value in (41):

[Zu(Ps 0)/ 22(0)]14051; = [Zn([” 0)/ 22(0)]K01(P)-
(42)
The value of (42) depends on the resolution of the

reflection p. If this is neglected, the following approxi-
mation holds:

[211(1” 0)/ 22(0)]K01(P) =~ Ko (p)- (43)

(iii) The term

Sule. 0/ Yalw) = [ if,(p)f]-(q)] / [ ifﬁ(q)]

is a resolution-dependent function: its value changes
with q. If p is very close to q (the largest contributions
occur in this case), then

Zn(ps (l)/ Zz(q) ~ 1.

If the approximations (43) and (44) are introduced
into (40) and (41), one obtains

(44)

3
(A,l...) ~7 Y B, -Hl(”i —q)”" (45)
q =

and
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3
(B,l..)~ 1Y 'A, ]_[1(pi —q)" (46)
q =

where now q = 0 is included in the summations. The
relations (45) and (46) are identical to (37¢) and (374d) if
one recalls that k = 2p, h = 2q.

A similar procedure may be followed to relate, for the
second option, (CPR1) and (CPR2) to (37a) and (37b).
The combination of (26) with (CPR1) and (CPR2) gives

(Ap| ) = 2 [Kup, (I)/Koz((I)][Bq —Ky(Q] (47)
q

and

(Bp| ) = 2 [Kx(p, Q)/Kzo(CI)]Aq- (48)
q

Ko1(q) is non-negligible only for very low resolution
reflections. If we adopt the approximations

Bq - K()l(q) ~ Bq
and

Kp(q) =2 (@)1 — 23.2,)/2 ~ 22((])/2

and we introduce also the other approximations used for
the first option, we obtain again (45) and (46). Now,
however, the contribution corresponding to q = 0 has
not to be included in the summations since q represents
the set of vectors with half-integral components. Rela-
tionships (45) and (46) are identical to (37a) and (37b).

12. Conclusions

The method of joint probability distribution functions
has been used to estimate structure factors with rational
indices given prior knowledge of other structure factors
with rational indices. A general approach was first
described which allows the use of any type of reflections.
Then the canonical case was studied (involving standard
reflections and half-integral index reflections) and more
simple formulae were derived. The final formulae were
compared with those obtained by Mishnev (1993) by
applying the Shannon sampling theorem to the Hilbert-
transform relationships. It is shown that our probabilistic
formulae (@) can be applied to any subset of reflections
and are always able to provide the reliability of the
estimates, and (b) encompass Mishnev relationships. For
brevity, the experimental calculations were not included.
A following paper will be devoted to such experimental
aspects, but we anticipate that the formulae derived here
will prove to be quite reliable.

APPENDIX A

Let us suppose that the primitive random variables x;, y;
and z;, j=1,..., N, are independently and uniformly
distributed in the interval (0,1). Then,
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> J;,(p)f,(@)(cos(27p - x; ) sin(27rq - 1))

Ji:2=1

= ;/ﬁ(p)ﬁ(q)é{sin[h(p +q) 1]

(4,B,) =

+ sin[27(q —p) - 1;]})

N
| 2 @],
= % le (p’ q)(sp+q + Sq—p)
N
+ 2 f, @), (@S

hi#h=1

(49)
Since
N
2@ i@ =2 @+ _ ; lfjl (P)sz(q)v
h#Fh=
(49) may be written as
(ApBg) =32 1(P: D(Spq + Sq—p — €Sy
+221(p) 21 ()cps,-
Owing to the fact that
(Ap) = 2_1(P)ey
from (50) we obtain
Ki,(p, @) = (4,B,) — (4,)(B,)
:%le(p’ q)(sp+q + Sq—p - 2cpsq)' (51)

(50)

and

<Bq> = Zl(q)sq’

APPENDIX B

Let us assume that (a) p(x) is the electron density
defined in the unit cell (e.g., for the one-dimensional
case, 0 <x <1), (b) F(p) = A(p) +iB(p) is the struc-
ture factor (p denotes the coordinate of a fixed point in
reciprocal space), (c) ¢ is the coordinate of a generic
point in reciprocal space. Consider

o] o) 1
B sin(2mwgx
P/&dq:P/dq/p(x)de
q—p q—p
—00 — 0
1 © )
sin(2mwgx
- /dxp(x)P / qu’
; q—p

(52)

where P denotes the Cauchy principal value. If the
variable ¢ in (52) is replaced by A =g — p and the
relation

o0 oo
sin(27r Ax) sin(27r Ax)
P| ——dA=2P) ———dA =nm
A A
—00 0
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is applied, then (52) reduces to
1
7 [ p(x) cos(2mpx) dx = TA(p),
0

from which the required Hilbert transform

A(p):lP/Md
T q—p

—00

(53)

is obtained. The same procedure may be applied to the

integral
T A(gq) cos(ZJqu)
0 oot
yielding
B(p):—%P/%d (54)
so that
F(p) = A(p) +iB(p)
_1, fB(q)—iA(q) ;
T £ q—p
__ip [Fa
= nP/ p—_ dg. (5%)

Let us now explicitly consider the three-dimensional

case: q = (41, 42, 43) and p = (p;, p», p3) are the generic
points in the reciprocal space S*. Then,

117
:

oo o0 o0
in2
XP/ // sin27(q,x + ¢,y + 452) dg, dg, da,
(g, — P1)(g2 — P2)(g5 — P3)
—00 —00 —00
111

= —f///p(x,y, 2) o 271(pyx + p,y + p3z) dx dy dz

000

= —1A(p).

B(q,, 42, q3)
—p1)(q, — P2)(g3

~

dq, dq, dg;
- p3)

-
o
-

/p(x, y,z)dxdydz

Therefore,
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B(q)

— —3 %
Ap) = —m P f @ =@ —p)as—p &

—P3)
(56)

In the same way, one can find

. Alg)
B(P) =T Pg[ (611 _pl)(q2 —pz)(%
so that

F@p) = (—i/m) P / -

as*, (57)

—P3)

F(q)

—p)a, — p,)q; a5

—Dp3)
(58)

It should be useful to note that the dimension of the
reciprocal space defines the integrand on the right-hand
side of the relationships (53), (54), (56) and (57). In
particular, in the two-dimensional case,

2 A(q) "
Alp) = -7 PS*/(ql —p)(@, —py) s
and
_ 2 B(q) d £3
Bp)=-m PS[ (91 — P1)(g2 — P2) S

Accordingly, in an n-dimensional case, the general
formula to apply is

F(p) = (=i/m)" an Fla)

——— ds™.
/_1( _pj

(59)
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